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Abstract: Let g(x) = χB(x) be the indicator function of a bounded convex set B in Rd ,
d ≥ 2, with a smooth boundary and everywhere non-vanishing Gaussian curvature. Using
a combinatorial approach we prove that if d 6= 1 mod 4, then there does not exist S⊂ R2d
such that {g(x−a)e2piix·b}(a,b)∈S is an orthonormal basis for L2(Rd).
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1 Introduction
The basic question we ask in this paper is, which functions g can serve as window functions for orthogonal
Gabor bases for L2(Rd)?
Let g ∈ L2(Rd) and S ⊂ R2d be a countable subset. The Gabor system associated with g and S is
defined to be the set of functions
G(g,S) = {g(x−a)e−2piix·b}(a,b)∈S.
Definition 1.1. We say that G(g,S) is an orthonormal basis for L2(Rd) with the window function g,
‖g‖= 1, and the spectrum S if G(g,S) is complete in L2(Rd) and the vectors are mutually orthogonal in
the sense that ∫
g(x−a)g(x−a′)e−2piix·(b−b′)dx = 0 for all (a,b) 6= (a′,b′). (1.1)
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The theory of Gabor bases and frames has undergone much development in recent decades. But as
Gröchenig points out in his seminar article ([10]), "there has been little progress on the original question
of how to determine which windows and lattices generate a Gabor frame". In this paper we take a small
step in this direction in the context of general Gabor orthogonal bases, not necessarily lattices. The
question of which functions g can serve as window function for orthogonal Gabor bases is typically
studied using the Balian-Low theorem and its variants. See, for example, [2], [4], [5], [8], [25] and the
references contained therein. See also [1], [11] and [22] for closely related results. However, in this paper
our aim is to rule out a class of window functions which are indicator functions of bounded sets. In such
cases, the Fourier transform of the window function is instantly poorly localized and hence Balian-Low
type theorems are difficult to utilize.
When S = A×B and g(x) = χE(x), with E a bounded subset of Rd with non-zero measure, then it
is not difficult to see that E must tile Rd by translation, with A serving as a tiling set. Similarly, in this
case {e−2piix·b}b∈B would have to be an orthogonal basis for L2(E). This largely reduces the orthogonal
Gabor basis problem to the tiling and orthogonal exponential basis components. As a result, we can use
the theory of tiling and orthogonal exponential bases to rule out the possibility that χE , for a given set E,
is a window function for an orthogonal Gabor basis.
This allows us to rule out the possibility that χE is the window function for an orthogonal Gabor basis
with S = A×B for many classes of sets E. For example, if E = Bd is the unit ball, we can rule out χBd
in two different ways. First of all, the unit ball does not tile by translation. It is known that a convex
body tiles by translation only if it is a polyhedron of a certain type. See, for example, [24]. Another
way to prove that χBd is not a window function in the case S = A×B is by showing that L2(Bd) does not
possess an orthogonal exponential basis. This was established by the first listed author, Nets Katz and
Steen Pedersen in [14].
When S is not of the form A×B, the problem of determining the possible window functions becomes
considerably more difficult. In this paper we rule out the possibility that the window function g is an
indicator function of a symmetric convex set with a smooth boundary and everywhere non-vanishing
Gaussian curvature. The approach used by the first listed author, Katz and Pedersen ([14]) or the one
employed the first listed author, Katz and Tao in [15] are difficult to apply here owing to the fact that the
Gabor spectrum is not assumed to be of the form A×B. However, the geometric approach used in [17]
combined with a suitable combinatorial pigeon-holing technique allows us to rule out a large class of
window functions. Our main result is the following.
Theorem 1.2. Let K denote a bounded convex set in Rd , d 6= 1 mod 4, symmetric with respect to the
origin. Suppose that ∂K is smooth and has everywhere non-vanishing Gaussian curvature. Then there
does not exist an orthonormal Gabor basis for L2(Rd) with the window function g(x) = |K|−1/2χK(x).
Remark 1.3. The case d = 1 mod 4 requires a fundamentally different approach. This issue is taken up
in [13]. It is interesting to note that a similar issue arose in the context of orthogonal sets of exponentials
in [17].
Remark 1.4. It should not be difficult to modify the proof of Theorem 1.2 to handle the more general
case when ∂K is smooth and the boundary contains at least one point where the Gaussian curvature does
not vanish. We shall address these issues in the sequel. Other related issues are raised in Section 4 below.
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2 Expansion estimates
3 Proof of Theorem 1.2
The structure of our argument is the following.
• i) First we use the general theory of Gabor frames to prove that S is well-distributed in the sense
that R2d can be tiled by cubes of side-length C > 0 such that every cube contains at least one pair
(a,b) ∈ S. This argument is based purely on the completeness of Gabor frames.
• ii) We use a pigeon-holing argument to show that there exist at least three points (a j,b j) ∈ S,
j = 1,2,3, such that |ai−a j| is small and |bi−b j|, i 6= j, is suitably large.
• iii) Finally, we use orthogonality and an asymptotic formula for the Fourier transform of the
indicator function of a symmetric convex body with a smooth boundary and everywhere non-
vanishing Gaussian curvature to see that the triplet in item ii) cannot exist, obtaining a contradiction.
This is where the assumption d 6= 1 mod 4 plays a key role.
3.1 Basic structure of orthonormal Gabor bases
We need the following basic structure theorem.
Lemma 3.1. Let G(g,S) be an orthonormal basis for L2(Rd), where g is in L2(Rd) with norm 1. Then
the following hold:
• i) There exists c > 0 such that for any (a,b),(a′,b′) ∈ S, (a,b) 6= (a′,b′),
|a−a′|+ |b−b′| ≥ c.
• ii) There exists C > 0 such that any cube of side-length C in R2d contains at least one point of S.
• iii) S has uniform density equal to 1: D+(S) = D−(S) = 1.
3.2 Proof of part i)
Observe that if (a,b) = (a′,b′), then the orthogonality relation takes the form∫
|g(x)|2dx = 1.
The continuity of the integral implies that if (a,b) is sufficiently close to (a′,b′), then∫
g(x−a)g(x−a′)e−2piix·(b−b′)dx 6= 0.
The claim follows.
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3.3 Proof of part ii)
The proof follows from the following result. Define the short time Fourier transform (STFT) (see e.g. [7])
by
Vg f (t,ν) =
∫
f (x)g(x− t)e−2piix·νdx, (t,ν) ∈ R2d .
Lemma 3.2. ([1]) Given g ∈ L2(Rd) with ‖g‖= 1 and a countable set S⊂ R2d , the system G(g,S) is an
orthonormal basis for L2(Rd) if and only if for any f ∈ L2(Rd) with ‖ f‖= 1,
∑
α∈S
|Vg f (w−α)|2 = 1 for almost all w ∈ R2d . (3.1)
In other words, |Vg f |2 +S = 1 is a tiling, hence S has asymptotic density 1 and the conclusion of (ii)
follows from [19].
3.4 Proof of part iii)
The proof follows from Corollary 4 of [26].
We shall also make use of the following result ([18]).
Theorem 3.3. Let Ω be a bounded open set. Suppose that G(g,S) be an orthonormal basis for L2(Rd),
where g = χK , with K a bounded set of volume 1. Then, in particular, G(g,S) is complete in L2(Ω).
Define
pi1(S) = {a : (a,b) ∈ S}, and pi2(S) = {b : (a,b) ∈ S}.
Let B be a small ball and D⊂Ω such that D+B⊂Ω. Then
pi2(S∩ (Ω+B)×Rd))
has positive lower density.
To prove Theorem 3.3, observe that orthogonality implies that for any φ ∈ L2(Rd), with ||φ ||= 1, we
have
∑
(a,b)∈S
∣∣< φ(t),g(t−a)e2piibt >∣∣2 ≤ 1,
which we rewrite as
∑
(a,b)∈S
|Vgφ(a,b)|2 ≤ 1,
where
Vg f (a,b) :=< f ,g(·−a)e2piib.· >=
∫
Rd
f (t)g(t−a)e−2piibtdt
is the short time Fourier transform (STFT for short) with g as the window function. Apply this now
to any time-frequency translate of φ , i.e. φ(·− x)e2piiy·, to get
∑
(a,b)∈S
|Vgφ((a,b)− (x,y))|2 ≤ 1, (3.2)
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which is valid for any φ ∈ L2(Rd). In other words, the inequality (3.2) means that the S-time-frequency
translates of the function |Vgφ |2 are packing for R2d at level one.
By our assumption of completeness in L2(Ω), whenever the (x,y)-time-frequency translate of φ is
supported in Ω , then the inequality (3.2) becomes an equality.
Take φ to be supported on a small ball B and recall that D⊆Ω is such that D+B⊆Ω, so that φ(·−x)
lives on Ω whenever x ∈ D. We now have the tiling condition
∑
(a,b)∈S
|Vgφ((a,b)− (x,y))|2 = 1, for (x,y) ∈ D×Rd . (3.3)
In words, again, the S-time-frequency translations of the function |Vgφ |2 is a tiling on D×Rd (and a
packing everywhere by 3.2).
Now Vgφ(t,ν) = 0 if t /∈ K−B so the tiling (3.3) must be effected by the translates in
S∩
(
(D+K +B)×Rd
)
.
One can take Ω big enough such that in addition K +D⊂Ω. This implies that
S∩
(
(D+K +B)×Rd
)
⊆ S∩ (Ω+B)×Rd .
Because of the (global) packing condition (3.2) the size of the set S∩ ((Ω+B)× (y+BR)) is uni-
formly bounded in y for any fixed radius R. So if
pi2(S∩
(
(Ω+B)×Rd)
)
has zero lower density then so has the set S∩ ((Ω+B)×Rd), which is incompatible with the tiling
condition in (3.3).
3.5 Extraction of an (essentially) linear triple
We are going to prove that there exist (ai,bi), i = 1,2,3, such that the following conditions hold:
• i) |ai−a j| ≤ 1100r for some r ≥ 106.
• ii) r ≤ |bi−b j| ≤ 2r if i 6= j.
• iii) b1,b2,b3 are in an 1r -neighborhood of a line.
Let S be the putative Gabor spectrum, pi1(S) denote the projection of S onto the first d variables and
pi2(S) the projection of S onto the last d variables. Assume without loss of generality that~0 ∈ pi1(S). Let
Q be a cube in Rd of unit side-length, and let AQ denote the elements of pi1(S) such that the intersection
of K +a and Q has a non-empty interior. By Theorem 3.3, pi2(pi−11 (AQ)) has positive lower density. Let
ΛR denote the intersection of pi2(pi−11 (AQ)) with a ball of radius R, with R suitably large. It follows that
#ΛR ≈ Rd , where here and throughout, X ≈ Y if there exists C > 0 such that C−1Y ≤ X ≤CY .
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Cover AQ by a finitely overlapping family of≈ rd balls of radius r−1, where 106≤ r≤R. This gives us
a decomposition AQ =∪ jA jQ. By the pigeon-hole principle, there exists j0 such that #pi2(pi−11 (A j0Q ))∩ΛR≥
cr−dRd . Let H be a (d−1)-dimensional subspace of Rd and let L denote its orthogonal subspace. We
can divide the points in pi2(pi−11 (A
j0
Q ))∩ΛR into ≈
(R
r
)d−1 finitely overlapping classes where the (d−1)-
coordinates determined by H are within 1r of one another. Applying the pigeon-hole principle once again
and taking, say, r = log(R), we see that the triplet (ai,bi), i = 1,2,3, satisfying the conditions above
exists.
3.6 Orthogonality and asymptotic expansions of the Fourier transform
Let K be a symmetric convex body with a smooth boundary and everywhere non-vanishing Gaussian
curvature. Let K be as above written in the form K = {x : ρ(x) ≤ 1}, where ρ := ρK is the norm that
defines K, often called the Minkowski functional (gauge). Define the dual functional by the relation
ρ∗(ξ ) = sup
x∈∂K
x ·ξ , (3.4)
where ∂K denotes the boundary of K. We shall need the following result due to Herz ([12]; see also [9]).
Lemma 3.4. Let K and ρ∗ be as above. Given ω ∈ Sd−1, let κ(ω) denote the Gaussian curvature of ∂K
at the (unique) point where the unit normal is ω . Then
χ̂K(ξ ) = κ−
1
2
(
ξ
|ξ |
)
sin
(
2pi
(
ρ∗(ξ )− d−1
8
))
|ξ |− d+12 +DK(ξ ), (3.5)
where
|DK(ξ )| ≤CK |ξ |−
d+3
2 .
3.7 Conclusion of the argument
Let (ai,bi), i = 1,2,3 be the triple of elements of S extracted in subsection 3.5 above. Going back to (1.1),
we have ∫
χK(x−ai)χK(x−a j)e2piix·(b j−bi)dx = 0. (3.6)
Note that the left hand side of the formula (3.6) is the Fourier transform of the indicator function of
the symmetric convex body (K +ai)∩ (K +a j) evaluated at b j−bi. The boundary of this body consists
of a piece ∂K and its translate. They intersect transversely at a smooth (d−2)-dimensional surface. The
boundary of (K +ai)∩ (K +a j) is smooth away from this surface.
It is clear that the (d− 1)-dimensional subspace H (and hence its orthogonal subspace L) in the
construction in the subsection 3.5 can be chosen such that bi−b j is normal to the boundary (K +ai)∩
(K + a j) at a point where the boundary is smooth. Then by applying a partition of unity, we see that
Lemma 3.4 applies and in combination with the orthogonality relation (3.6) and the construction in
subsection 3.5 implies that ∣∣∣∣sin(2piρ∗ai−a j(bi−b j)−pi d−14
)∣∣∣∣≤Cr−1. (3.7)
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This implies that∣∣∣∣sin(2pi(ρ∗(bi−b j)+(ai−a j) · (bi−b j)− d−18
))∣∣∣∣≤Cr−1 (3.8)
by writing out ρ∗ai−a j using the properties of the Fourier transform and the structure of the boundary of
(K +ai)∩ (K +a j) described above.
Recalling the location of the zeroes of the sine function and the construction in Subsection 3.5, we
see that (3.8) implies that ∣∣∣∣piL(bi)−piL(b j)(1+ ci j)− k2 + d−18
∣∣∣∣≤C′r−1,
where
|ci j| ≤ 1100r .
It follows that
|piL(b2)−piL(b1)|= k122 −
d−1
8
+ e12,
|piL(b3)−piL(b2)|= k232 −
d−1
8
+ e23,
and
|piL(b3)−piL(b1)|= k132 −
d−1
8
+ e13,
where
|ei j| ≤ 150
if r is sufficiently large.
This implies that
k13
2
+
d−1
8
+ e13 =
k12 + k23
2
+
d−1
8
+
d−1
8
+ e12 + e23,
so
k13− k12− k23
2
=
d−1
8
+ e12 + e23− e23.
We conclude that d−14 +2(e12 + e23− e23) is an integer. Since d 6= 1 mod 4, d−14 is, at best, half an
integer. By above,
|2(e12 + e23− e23)| ≤ 325 .
This leads to a contradiction and the proof is complete.
Remark 3.5. Note that the contradiction disappears if d = 1 mod 4 because the d−18 term in (3.5) takes
the form 4m+1−18 =
m
2 and thus gets absorbed into the
k
2 terms that precedes it.
DISCRETE ANALYSIS, 2018:19, 11pp. 7
ALEX IOSEVICH AND AZITA MAYELI
4 Open problems: Spectral sets and Gabor windows
We conclude this paper with a series of questions that arise naturally out of considerations that led to our
main result. We have shown that if K is a symmetric convex body in Rd , d 6= 1 mod 4, d > 1, where
∂K is smooth and has non-vanishing Gaussian curvature, then the indicator function of K cannot serve
as the window function for an orthogonal Gabor basis on L2(Rd). It was shown in [15] that under these
assumptions, L2(K) does not possess an orthogonal basis of exponentials. This leads us to the following
question.
Definition 4.1. We say that E ⊂ Rd is spectral if L2(Rd) possesses an orthogonal basis of exponentials,
namely a basis of the form {e−2piix·b}b∈B. We shall refer to B as a spectrum for E.
Question 4.2. Suppose that E is a non-spectral subset of Rd . Is it possible that G(χE ,S) = {χE(x−
a)e−2piix·b}(a,b)∈S is an orthogonal basis for L2(Rd)?
A natural example to investigate in the context of the Question 4.2 is that of a triangle. It is not
spectral which follows, for instance, from a result due to Kolountzakis which proves that non-symmetric
convex sets are never spectral ([21]). A similar question can be posed for sets that tile by translation but
are not spectral (see [20] and the references contained therein).
Conversely, it is natural to ask whether all spectral sets generate Gabor windows:
Question 4.3. Suppose that E is a spectral subset of Rd . Is it true that there exists S ⊂ R2d such that
G(χE ,S) = {χE(x−a)e−2piix·b}(a,b)∈S is an orthogonal basis for L2(Rd)?
The answer to this question is automatically affirmative if E tiles Rd by translation. In this case we
take S = A×B, where A is a tiling set for E and B is a spectrum. However, examples due Tao ([27]),
Kolountzakis, Matolcsi ([20], [23]) and others show that there exist spectral sets which do not tile by
translation. It would be natural to investigate the Question 4.3 starting with those constructions.
It is worth recalling in this context that a result due to Fuglede ([6], see also [3]) shows that if E ⊂Rd
tiles by a lattice L, then E is spectral with a spectrum given by the dual lattice L∗. Conversely, if E is
spectral with a spectrum L which happens to be a lattice, then E tiles by translation by the dual lattice L∗.
It follows that if E tiles by a lattice L, then G(χE ,L×L∗) is an orthogonal basis for L2(Rd). Similarly, if
E is spectral with a lattice spectrum L, then G(χE ,L∗×L) is an orthogonal basis for L2(Rd).
A possibly even more basic question arises from the discussion above. As we have seen, the case
when S = A×B is somewhat special in the context of Gabor bases, so it makes sense to try to understand
to what extent it is prevalent.
Question 4.4. Does there exist a window function g such that G(g,S) = {g(x−a)e−2piix·b}(a,b)∈S is not
an orthogonal basis for L2(Rd) for any S of the form A×B, but is an orthogonal basis for L2(Rd) for
some S not of that form?
In this general direction, Han and Wang ([11]) proved that if S = MZ2d , where M is a matrix
with rational entries and det(M) = 1, then there exists a compactly supported g ∈ L2(Rd) such that
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G(g,S) = {g(x− a)e−2piix·b}(a,b)∈S is an orthogonal basis for L2(Rd). However, it is not immediately
clear whether g ∈ L2(Rd) can be chosen in this case in such a way that G(g,S) is not an orthogonal basis
for L2(Rd) for any S of the form A×B.
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